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Flow Simulation Around an Airfoil by Lattice
Boltzmann Method on Generalized Coordinates
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Flow simulations around an airfoil (NACA0012) using the lattice Boltzmann method (LBM) are performed.
Originally, the LBM is an incompressible flow solver on orthogonal coordinates. However, to resolve the boundary
layer of the airfoil accurately, the algorithm is extended to generalized coordinates. Also, a suitable wall boundary
condition is introduced for generalized coordinates. First, the numerical method is validated at a relatively small
Reynolds number (Re = 500). The velocity profile of the boundary layer is compared in detail with the computational
fluid dynamics code CFL3D (developed at NASA Langley Research Center) results, and consistent results are
obtained. Second, the method is combined with the Baldwin–Lomax turbulence model and results at relatively
high Reynolds number (Re = 5 ×× 105) are shown. The results are in good agreement with the experimental data.
With the same grid resolution, the method can solve high-Reynolds-number flows as accurately as traditional
Navier–Stokes solvers.

Nomenclature
Cd = drag coefficient, D/ 1

2 ρu2, where D is drag
Cl = lift coefficient, L/ 1

2 ρu2, where L is lift
ci , ci,α = particle velocity vector and its component
c̃i , c̃i,α = contravariant velocity vector of the particle velocity

and its component
fi = distribution function
f (eq)

i = equilibrium distribution function
f ∗
i = postcollision distribution function

p = pressure
Re = Reynolds number
Reeff = effective Reynolds number
t = time
u, uα = velocity vector of the flow and its component
wi = weight function
x = coordinates on physical plane
�t = time incrementation
�ξup,i = upwind point
δαβ = Kronecker delta
ξ = coordinates on computational plane
ρ = density of the flow
ω = relaxation parameter
ωeff = effective relaxation parameter
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Introduction

T HE lattice Boltzmann method (LBM) has been proven to be a
promising method in simulating incompressible flow, porous-

media flow, and multiphase flow.1 Because various modifications
have been applied to LBM, the accuracy and the efficiency of the
simulation have improved compared with the early stage of its
development.

It is important to reduce the computational time to use LBM as a
practical computational fluid dynamics tool. However, because the
grid used in the standard LBM [commonly referred to as the lattice
Bhatnagar–Gross–Krook (LBGK) model] is restricted to an orthog-
onal grid with equal spacing, the calculation for high-Reynolds-
number flow with sufficient spatial accuracy requires more computer
resources compared with the traditional Navier–Stokes solvers on
a nonuniform mesh. Recently, many studies have been dedicated
to the extension of the LBM on a nonuniform mesh. The strategies
are classified into two groups. The first type is to patch the fine or-
thogonal grid only to the region where high resolution is required.
The adaptive mesh refinement (AMR) technique2 or composite grid
system3 used for Navier–Stokes solvers are applied to the LBM. Al-
though the grid spacing is different between the grids, the algorithm
applied to the each grid is exactly the same as LBGK. A special treat-
ment is implemented only to the boundary of the grids where the
exchange of values between the grids is necessary. The second strat-
egy type is to use body-fitted grids, and this has been formulated by
many authors.4,5 With the use of these methods, flow around various
configurations can be solved. Among these methods, interpolation
supplemented LBM (ISLBM)4 and the characteristic Galerkin finite
element method for the discrete Boltzmann equation (see Ref. 5)
seem to give results without excessive numerical dissipation.

In this paper, flow around an airfoil is calculated using LBM on
generalized coordinates. The numerical method used in this study is
based on the idea of ISLBM and is extended to a more generalized
form by the authors.6 Because the transformation between a physical
plane and a computational plane must be described by an analytical
function for ISLBM, a generalization of ISLBM is necessary to
calculate on an arbitrary structured grid. Also, the present method
is combined with a turbulence model to calculate high-Reynolds-
number flows.

This paper is organized as follows. The next section describes
the numerical methods used. Starting from the LBGK model,
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a generalization of ISLBM to arbitrary structured grids is intro-
duced. It is the generalized form of interpolation supplemented LBM
(GILBM). The definition of boundary conditions and a turbulence
model is also described. The next section presents the computational
results and comparison with experimental data. The final section
contains the conclusion. All of the descriptions made in this paper
are for a two-dimensional plane.

Numerical Method
LBM on Orthogonal Grid System

The LBM describes flows by the collision and advection cal-
culation of distribution functions as follows. The two-dimensional
nine-velocity (2D9V) model is used in the present calculations. The
governing equation of the LBM, the lattice Boltzmann equation
(LBE), is

fi (x + ci�t, t + �t) − fi (x, t) = −(1/ω)
[

fi (x, t) − f (eq)

i (x, t)
]

(1)

where i = 0, 1, 2, . . . , 8. The variables fi and f (eq)

i are the distribu-
tion function and the equilibrium distribution function correspond-
ing to the discrete velocity vector ci , respectively. The value �t is
the time step and ω is the relaxation time. The right- and left-hand
sides of Eq. (1) correspond to the collision and the advection terms,
respectively. Thus, Eq. (1) can be divided into two phases.

Collision term:

f ∗
i (x, t) = −(1/ω)

[
fi (x, t) − f (eq)

i (x, t)
]

(2)

Advection term:

fi (x, t + �t) = f ∗
i (x − ci�t, t) (3)

The discrete velocity vector is defined as

[c0, c1, c2, c3, c4, c5, c6, c7, c8]

= c

[
0 1 0 −1 0 1 −1 −1 1

0 0 1 0 −1 1 1 −1 −1

]
(4)

and the equilibrium distribution function is defined as

f (eq)

i (x, t) = wiρ

[
1 + 3ci,αuα

c2
+ 9(ci,αuα)

2

2c4
− 3u2

2c2

]
(5)

with w0 = 4/9, w1 = · · · = w4 = 1/9, and w5 = · · · = w8 = 1/36
for the 2D9V model.

The macroscopic variables such as density and velocity are ob-
tained from integrating the moment of the distribution functions
over the velocity plane as

ρ =
∑

i

fi , ρu =
∑

i

fi ci (6)

When the Chapman–Enskog expansion is applied to the governing
equation, the relation between the LBE Eq. (1) and the Navier–
Stokes equations is obtained. The relationship between the relax-
ation time ω and the Reynolds number can be derived as

Re = 6/(2ω − 1)�tc2 (7)

and the pressure is given as p = ρc2/3.

GILBM
In this section, the LBM model for generalized coordinates is

introduced based on the idea of ISLBM.4 The physical plane x
is transformed into a computational plane described by ξ. Equa-
tions (2) and (3) are transformed into generalized coordinates as
follows. The collision term on generalized coordinates is described
as

f ∗
i (ξ, t) = −(1/ω)

[
fi (ξ, t) − f (eq)

i (ξ, t)
]

(8)

where ω, f (eq)

i (ξ, t), and f ∗
i (ξ, t) correspond to the relaxation time,

the equilibrium distribution function, and the postcollision distribu-
tion function, respectively. The advection term is solved as

fi (ξ, t + �t) = f ∗
i (ξ − �ξup,i , t) (9)

where

�ξup,i = (�ξup, �ηup) =
∫ �t

0

dξ =
∫ �t

0

c̃i dt (10)

This is the time integration of the contravariant velocity. A two-step
Runge–Kutta method is used for the integration of Eq. (10) to main-
tain numerical accuracy in the highly clustered grid region. When
the metrics and the discrete velocity ci,β are used, the contravariant
velocity c̃i,α is obtained as

ciα = ciβ
∂ξα

∂xβ

(11)

where the summation convention is used for the subscript α, β. The
right-hand side of Eq. (9) should be calculated using a second-order
upwind multidimensional interpolation.4 When the contravariant
velocity is introduced, the advection term is calculated in the com-
putational space, and the grid is not restricted to any specific grid
system for LBM, such as for isotropic grids.

Boundary Conditions of GILBM on Generalized Coordinates
In this study, suitable wall boundary conditions for the generalized

coordinates are obtained based on the idea of the incompressible
Navier–Stokes solvers (see Ref. 6). The wall boundary condition
for the incompressible Navier–Stokes solvers is defined as follows.
Because the normal gradient of the pressure vanishes at the wall
boundary, pressure on the wall, p j = 0, is extrapolated from the node
in the computational domain next to the wall boundary node as
p j = 0 = p j = 1. In LBM, a similar expression for density is obtained
as ρ j = 0 = ρ j = 1. The flow velocity at the wall is given as the wall
velocity.

From the boundary condition of the macroscopic variables (ρ,
u, and v), the boundary condition of the distribution function is
calculated. If we assume fi

∼= f (eq)

i , the distribution function can
be calculated using Eq. (5). However, this assumption is not accu-
rate enough because the viscosity effect appears in the first order
of the nonequilibrium term. The distribution function is estimated
to the first order of nonequilibrium using the Chapman–Enskog ex-
pansion as

fi
∼= f (eq)

i + f (1)

i = f (eq)

i

[
1 − ω�t

(
3UiαUiβ

c2
− δαβ

)
∂uα

∂xβ

]
(12)

where Ui,α = ci,α − uα .

Turbulence Modeling
For high-Reynolds-number flows, which often appear in practical

engineering problems, a direct approach is not realistic because
of limited computational resources. To include phenomena due to
scales smaller than the grid size, a turbulence model developed for
the Navier–Stokes equations is combined with the GILBM.

Combination of the LBM and turbulence models was discussed
by Teixeira.7 Various turbulence models proposed for the Navier–
Stokes equations, such as algebraic models, two-equation models,
etc., are applied to LBM. Following the procedure proposed by
Teixeira, the Baldwin–Lomax turbulence model (see Ref. 8) was im-
plemented in this study to demonstrate the capability for the present
GILBM to calculate turbulent flows. The only change to GILBM
is the calculation of the relaxation time, due to the contribution of
the eddy viscosity νT to the total viscosity ν. Thus, the effect of
relaxation time becomes a function of the local flow quantities,

ωeff = 3
/

Reeffc
2�t + 1

2 (13)

where 1/Reeff = 1/Re + νT /(ρ0U0 L).
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Fig. 1 Body-fitted grid used in NACA0012 airfoil simulations.

Fig. 2 Pressure contour and streamlines around NACA0012 at Re = 500.

Numerical Results
Code Validation of GILBM

The first example is the flow around a NACA0012 airfoil with
a relatively small Reynolds number. The shape of the airfoil is
symmetric, and the wing thickness is 12% of the chord length.
Because an airfoil is a streamlined shape, a wall boundary condi-
tion formulated on body-fitted coordinates is desirable to obtain the
aerodynamic coefficients accurately. The present method, with the
Chapman–Enskog boundary condition on the wall, has the potential
to yield more accurate computational results than those obtained us-
ing orthogonal grids. The Reynolds number is based on the macro-
scopic freestream velocity and the chord length of the airfoil. A
body-fitted grid (C grid) is used in the present simulations, as shown
in Fig. 1. The grid is formed by the transfinite interpolation method.
With the chord length as a unit length, the computational domain
consists of a half-circle of radius 20 in front of the airfoil and a rectan-
gle of dimension 21 × 40. The outer boundary uses a nonreflecting-
type boundary condition. The ratio of macroscopic velocity of the
far field to the particle velocity is defined as U/c = 0.1. The calcu-
lation is performed at laminar flow conditions with Re = 500 and
an angle of attack (AOA) of 0 deg. Figure 2 shows the pressure con-
tours and streamlines obtained by the present method. A symmetric
flow pattern is observed. Figure 3 shows the pressure coefficient
distribution along the surface of the airfoil. Results obtained by
CFL3D and PowerFLOW9 are also plotted in Fig. 3. CFL3D is a
Navier–Stokes solver using the finite volume formulation on gen-
eralized coordinates, and PowerFLOW is a commercially available
LBM solver using orthogonal grids with the AMR technique. The
pressure distribution agrees well with the CFL3D result. Figure 4
indicates the velocity profile of the boundary layer at x = 0.00, 0.25,
0.50, 0.75, and 1.00 of the chord length (Fig. 4a), respectively. At
x = 0.00, the present calculated results are consistent with the other
two simulations. As the location moves to the downstream side, the

Fig. 3 Pressure distribution along surface of NACA0012.

result obtained by PowerFLOW becomes different from the other
two. Although a sufficiently small grid was used in the Power-
FLOW simulation, the boundary layer is not accurately resolved.
The difference is significant for the y-direction velocity component
V in Fig. 4f (at x = 1.00). On the other hand, the method outlined
here produces pressure and velocity profiles very similar to those
of CFL3D.

The dependence of the aerodynamic coefficients on the grid res-
olution and the minimum grid spacing is studied in detail, as shown
in Table 1. The aerodynamic coefficients are compared with those
of the other two methods. Also lift coefficient Cl shows excellent
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a) Cross sections

b) x = 0.00

c) x = 0.25

d) x = 0.50

e) x = 0.75

f) x = 1.00

Fig. 4 Velocity profile of NACA0012 at various cross sections x.

symmetry of the calculation. The value of the drag coefficient Cd

obtained from the present method using the highest-resolution grid
is about 0.9% smaller than that of CFL3D. As the resolution be-
comes higher, the drag coefficient converges to a value close to the
results obtained by CFL3D.

High-Reynolds-Number Simulation
In this section, we present flows around a NACA0012 airfoil

at Reynolds numbers of 5 × 105 and 6.6 × 105. The calculation at

the lower Reynolds number is performed to compare the results
with the Navier–Stokes solution obtained by CFL3D (see Refs. 9
and 10). CFL3D uses the Spalart–Allmaras turbulence model. The
calculation at the higher Reynolds number is performed to compare
the results with experimental data. Also, results obtained by the
latest version of PowerFLOW, PowerFLOW 3.2, is available for
both Reynolds numbers. PowerFLOW 3.2 is based on the extension
of the two-equation turbulence model originally derived from the
renormalized group method.
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The first two calculations were performed for Re = 5 × 105 and
AOA = 7 deg to show the ability of the present method to calculate
the flow with the turbulence model. A body-fitted grid (C grid) with
grid resolution of 257 × 65 is used in the present simulations. One
calculation is performed assuming laminar flows; the other uses the
Baldwin–Lomax turbulence model. Figures 5a and 5b show the pres-
sure distribution and streamlines near the wing calculated with and
without the turbulence model, respectively. Generally speaking, sep-
aration around the wing is suppressed when the turbulence model is
used. The present calculation by GILBM shows a similar tendency;
the flow separation over the wing disappears when the turbulence

a)

b)

Fig. 5 Pressure contour and instantaneous streamline around
NACA0012 airfoil at Re = 5 ×× 105: a) with turbulence model and b)
without turbulence model.

Table 1 Grid resolution dependency

Resolution (on wing) �xmin Cd Cl

GILBM
257 × 65 (173) 4.5e−3 0.1682 1.0e−13
373 × 141 (251) 4.5e−3 0.1672 1.0e−13
257 × 65 (173) 4.5e−4 0.1736 1.0e−13
373 × 141 (251) 4.5e−4 0.1725 1.0e−13

PowerFLOW
159,060 (828) 1.2e−3 0.1717 0.227e−3
418,800 (1275) 7.8e−4 0.1807 −0.211e−3

CFL3D
257 × 65 —— 0.1762 0.115e−6
373 × 141 1.2e−4 0.1741 0.538e−5

Table 2 Aerodynamic coefficients for flow around NACA0012 airfoil at Re = 5 ×× 105 and AOA = 7 deg

Methods Cd Cl Grid size

Present (Baldwin–Lomax model) 0.0177 0.6979 257 × 65 (16,705 cells)
Present (laminar) 0.03 × 0.015 0.55 × 0.11 257 × 65 (16,705 cells)
CFL3D (Spalart–Allmaras model) 0.0157 0.7449 257 × 65 (16,705 cells)
PowerFLOW 3.2 0.028 0.63 800,000 cells

model is used. Consequently, it is expected that the turbulence model
is adequately combined with GILBM. This can be confirmed by
the pressure coefficient distribution along the surface of the airfoil
as shown in Fig. 6. The present result shows excellent agreement
with the CFL3D solution. Table 2 summarizes the aerodynamic co-
efficients for different calculation methods for Re = 5 × 105 and
AOA = 7 deg. The present calculation with Baldwin–Lomax model
gives results almost identical to those of CFL3D. Without the tur-
bulence model, the aerodynamic coefficients oscillate due to flow
separation. On the other hand, PowerFLOW 3.2 overpredicts the
drag coefficient.

Second, to provide a comparison with experimental results, flow
simulations at Re = 6.6 × 105 are performed for a range of AOA
from 0 up to 16 deg. Figure 7 shows the Cl vs AOA and Cl vs Cd .
Present results provide reasonable agreement before the separation
occurs. The lift slope and drag coefficient agree with the experi-
mental data. Also the dip in Cl due to the separation is predicted
by the present method. The experimentally predicted stall angle for
a NACA0012 airfoil at Re = 105–106 is around 13 deg. The stall
angle predicted by the present simulation is around 10 deg, which
is smaller than that of the experiment. The difference is not caused

Fig. 6 Cp distribution along the chord of NACA0012 at Re = 5 ×× 105.

Fig. 7 Cl vs AOA and Cl vs Cd .
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by the LBM itself because the effect of minimum grid size and the
choice of turbulence model is considered to be more significant.
Further studies are required regarding this issue.

Conclusions
An LBM for generalized coordinates, GILBM, is proposed to

calculate high-Reynolds-number flows efficiently. Additionally, nu-
merical techniques to enhance the accuracy and efficiency of the
GILBM are developed as follows:

1) A new wall boundary condition for generalized coordinates is
introduced. It is necessary for the accurate prediction of the drag
coefficient.

2) The GILBM and the Baldwin–Lomax turbulence model
are combined. This is necessary for high-Reynolds-number-flow
analysis.

When the present code is used, flows around an airfoil are calcu-
lated efficiently and the results are consistent with previous Navier–
Stokes solutions. In particular, the combination of GILBM and the
Baldwin–Lomax model gives better results compared with the lam-
inar LBM calculation for the present airfoil simulations at high
Reynolds numbers. Also the results are in good agreement with the
experimental data. With the same grid resolution, GILBM can solve
high-Reynolds-number flows as accurately as traditional Navier–
Stokes solvers.
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